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INTRODUCTION 
The level of a field F is defined as the least integer s (if any) such that - 1 
is a sum of s squares in F. If no such s exists, the level is said to be infinite. 
This field-invariant has been investigated by numerous authors. Among the 
main results are the Artin-Schreier characterization of orderable fields, 
which states that a field can be ordered if and only if its level is infinite, and 
Plister’s theorem asserting that the level of a field is either infinite or a 
power of 2. 
When trying to translate these results in a non-commutative setting, one 
soon has to deal with the fact that products of squares are not necessarily 
squares. Therefore, one is naturally led to define for a division ring D 
various kinds of levels, as suggested by D. Lewis [ 121: 
- the level of D, denoted by s(D), is the least integer s such that - 1 
is a sum of s squares in D (and s(D) = cc if - 1 is not a sum of squares); 
- the subleuel of D, which we denote by s(D) (whereas Lewis uses 
the notation a(D)), is the least integer g such that 0 is a sum of 0 + 1 non- 
zero squares in D (and z(D) = co if 0 is not a sum of non-zero squares): 
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- the product-level of D, denoted by s,(D), is the least integer s such 
that - 1 is a sum of s terms which are products of squares in D (and 
s,(D) = co if - 1 is not a sum of products of squares). 
If D is commutative, then it is easily verified that s(D) = s(D) = s,(D). In 
the general case, however, only the following inequalities are obvious: 
s(D) as(D) Z s,(D). 
The Artin-Schreier characterization of orderable fields has been adapted to 
division rings by Szele [ 181, who proved that a division ring D can 
be ordered if and only if s,(D) = co. On the other hand, Scharlau and 
Tschimmel have proved that the above-mentioned theorem of Plister has 
no analogue for division rings; indeed, they proved in [ 151 that any 
positive integer is the product-level of some division ring. Their examples 
are infinite-dimensional over their center, however, and as far as we know 
the various notions of level for finite-dimensional division algebras have 
been investigated very little. The only general results we are aware of are 
that s(D) is finite if (and only if) J(D) is finite [9, Theorem D], and that 
s,(D) is always finite; this last result follows through Szele’s theorem from 
a theorem of Albert which shows that a finite-dimensional division algebra 
can be ordered if and only if it is commutative [Z]. (The proof also 
appears in [6, p. 103; 13, p. 3021). Additional results for quaternion 
algebras have been obtained by D. Lewis [ 10, 111 and by Tignol and Vast 
[ 191; see also the survey paper [ 123. 
In this paper, we deal only with finite-dimensional central division 
algebras, and almost exclusively over local or global fields, although a few 
results hold over arbitrary fields. The degree of a division algebra D is 
defined as the (positive) square root of its dimension as a vector space over 
its center; it is denoted by deg D. We always assume that the center F of 
the division algebras D we consider has characteristic not 2, and does not 
contain a square root of - 1, otherwise trivially: 
_ s(D) =3(D) = s,(D) = 1. 
If F is a global field and p is a prime of F, we denote by FP the completion 
of F at p and by ind,(D) the local (Schur) index of D at p, i.e., the degree 
of the F,-division algebra associated to DOFF, by Wedderburn’s theorem. 
We prove: 
THEOREM A. Assume D is a central division algebra over a local field F. 
(i) If deg D is even, then s(D) =3(D) = s,(D) = 1. 
(ii) If deg D is odd, D# F, then s(D) =min(3, s(F)) and s(D) = 
s,(D) = 2. 
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THEOREM B. Assume D is a central division algebra over a global field F. 
(i) [ f  deg D is even, then s,(D) = 1, s(D) = 1 or 2, and s(D) = 1 or 2; 
moreover, s(D) = 1 if and only if the local index ind,(D) divides (deg D)/2 
for every prime p of F such that - 1 is a square in F,, and s(D) = 1 {f and 
on1.y ifs(D) = 1 or deg D is divisible by 4 or D splits at every infinite prime. 
(ii) Zf degD is odd, DZF, then s(D)=min(3,s(F)) and s(D)= 
s,(D) = 2. 
(The proof of Theorem A(i) is in 1.1 and 1.3 below, and that of 
Theorem B(i) in 1.1, 1.4, 1.5, and 1.6. For the proofs of Theorems A(ii) and 
B(ii), see 2.7.) 
Thus, in all the above cases, it turns out that s(D) = s( D) or _s( D) + 1. in 
accordance with a conjecture of Lewis, and that s,(D) is a power of 2. In 
the Appendix, we show that the Scharlau-Tschimmel construction also 
yields finite-dimensional division algebras with product-level 4. 
The classical Albert-Brauer-Hasse-Noether theorem shows that division 
algebras over global (or local) fields are cyclic [ 14, Theorems 32.20 and 
14.51; this result plays a key role in the proofs of Theorems A and B. The 
proofs in the even-degree cases are given in Section 1; they are mostly 
obtained by patching together known results, mainly due to D. Lewis. In 
the odd-degree cases, which are treated in Section 2, the level of cyclic 
division algebras is related to an invariant t(K/F) of cyclic field extensions 
K/F of odd degree, defined as follows: t(K/F) is the least integer t such that 
- 1 can be expressed in the form 
-1 =a,.~;‘+ ... +a,.uf 
for some a,, . . . . a,, x,, . . . . x, E K with NKIF(ai) = 1 for i = 1, . . . . t. The main 
step in the proofs of Theorems A and B in the odd-degree case is then to 
prove that t(K/F) < 2 if F is local dyadic or a number field. 
Initially, the present work dealt exclusively with the product-level. After 
a first draft of the manuscript had been prepared, we heard of a closely 
related work by Marleen Denert and Jan Van Gee1 [4]. Using some of 
their results, we also were able to determine the level and the sublevel 
of the division algebras we considered. We are very grateful to them for 
allowing us to use some of their unpublished work in the present paper. We 
also thank Adrian Wadsworth for showing us some of his unpublished 
results and for pointing out a mistake in a first version of this paper. 
0. CONVENTIONS AND NOTATIONS 
Throughout the paper, all division rings are considered as algebras over 
their centers, and are assumed to be finite-dimensional. The characteristic is 
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always assumed to be different from 2, except that residue fields of dyadic 
local fields of characteristic zero are briefly considered in Section 2. 
If a, b are non-zero elements in a field F, the quaternion algebra over F 
with basis 1, i, j, k subject to the relations i* = a, j* = 6, ij= k = -ji is 
denoted by (a, b)F. Slightly abusing notations, we also denote by (a, b)F 
the class of this quaternion algebra in the Brauer group Br(F). If F is a 
local field ( #C), the 2-torsion subgroup ,Br(F) is cyclic of order 2, and 
will be identified with { + l}; thus, we denote (a, b)F = 1 (resp. - 1) if the 
quaternion algebra (a, b)F is split (resp. is a division algebra). If F is a 
global field and p is a (finite or infinite) prime of F, we denote (a, b)p for 
(a, b)Fp ( = 1 or - 1). Thus, the Hilbert reciprocity theorem says that 
&(a, b)p = 1 and the Albert-Hasse-Brauer-Noether theorem asserts that 
(a, b)F is split if and only if (a, b), = 1 for every prime p of F. 
Over any field F, the quadratic form a,X: + ... + a,Xi is denoted by 
(a 1, ..., a,). The set of non-zero elements in F represented by a quadratic 
form q is denoted by D,(q). 
For undefined notations or terminology, see [S] or [S]. 
1. ALGEBRAS OF EVEN DEGREE 
In this section, D denotes a finite-dimensional central division algebra 
over a local or global field F of characteristic not 2. We assume that - 1 is 
not a square in F. We begin our determination of levels by recalling a result 
of Lewis [12] on the product-level: 
1.1. PROPOSITION. s,(D) = 1 if and only if deg D is even. 
ProoJ: If s,(D) = 1, then - 1 =x:. . .x,’ for some xi, . . . . x, ED. Taking 
the reduced norm of both sides, we obtain 
(-l)d=Nrd(xi . ..x.)*, 
where d = deg D. Since - 1 is not a square in F, this equality implies that d 
is even. Conversely, if deg D is even, then D contains a quaternion algebra, 
hence it also contains anti-commuting elements i and j; then, in D, 
i2j2(j-lip1)*= -1, 
hence s,(D)= 1. 1 
1.2. Remark. In the preceding arguments, the fact that F is local or 
global is used only to ensure that D contains a quaternion algebra if its 
degree is even. Therefore, the same arguments prove the following more 
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general results, for D a finite-dimensional central division algebra over an 
arbitrary field F (in which - 1 is not a square): ifs,(D) = 1, then deg D is 
even; conversely, if D is a cross product and deg D is even, then s,(D) = 1. 
Adrian Wadsworth showed us a proof of the latter statement which does 
not require the hypothesis that D is a cross product; thus, Proposition 1.1 
actually holds for division algebras over arbitrary fields F. 
For the level and the sublevel, the discussion will be divided into two 
cases, according to whether the base field F is local or global. We begin 
with the local case: 
1.3. PROPOSITION. If F is a local field, the following are equivalent: 
(a) s(D)= 1, 
(b) J(D)= 1 
(c ) deg D is even. 
Proof. (a)*(b) and (b) *s,(D) = 1 by the obvious inequalities s(D) 2 
s(D) as,(D). Proposition 1.1 shows that s,(D) = 1 implies (c), hence 
(b) * (c). Now, if deg D is even, then D contains a quaternion algebra 
(a, b), for some field L 1 F. If - 1 is a square in L, then s(D) = 1. If - 1 is 
not a square in L, then the determinant of the quadratic form ( 1, a, h, 
-ab) is not a square, hence this quadratic form is isotropic [S, 
Theorem 2.2, p. 1491. This means that there are CI, fi, y E L such that 
au2 + bj2 - aby’ = - 1. 
Denoting by 1, i, j, k the standard basis of (a, h),, one readily verifies 
(cri + gj + yk)2 = act2 + b/? - aby’, 
hence the preceding equation shows that s((a, b)L) = 1; therefore s(D) = 1 
also. This proves (c) =z. (a). (Alternatively, one can argue that if deg D 
is even, then D contains an isomorphic copy of each quadratic extension 
of F (see, for instance, [16, p. 163]), hence also of F(n). proving 
s(D)= 1.) 1 
We now turn to the global case. The following result is also due to 
D. Lewis [lo, Proposition 31: 
1.4. PROPOSITION. If F is a global field and deg D is even, then s(D) < 2 
(and therefore s(D) Q 2). 
Proof: For the reader’s convenience, we recall Lewis’ proof: if deg D is 
even, then D contains a quaternion algebra, so it suffices to prove that the 
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level of quaternion algebras over global fields is at most 2. Denote by 1, i, j, 
k the standard basis of the quaternion algebra (a, b)F. Since for ~1, /I, y E F 
(ai + bj + yk)2 = au2 + b/32 - aby2, 
it will follow that - 1 is the sum of the squares of two pure quaternions 
once we prove that the quadratic form 
(l,a,b, -ab,a,b, -ab) 
is isotropic. This readily follows from the Hasse-Minkowski theorem, since 
the form is totally indefinite. 1 
In order to get more precise information, we now determine necessary 
and sufficient conditions for s(D) = 1 and for s(D) = 1: 
1.5. PROPOSITION. Assume F is a globalfield; then s(D) = 1 if and only if 
deg D is even and the local index ind,(D) divides (deg D)/2 for every prime p 
of Fsuch that -~EF,“~. 
Proof If s(D) = 1, then D contains a subfield isomorphic to F(n), 
hence deg D is even and the (Schur) index of DO F(n) is (deg D)/2. 
This last condition implies that the local indices ind,(D@ F(n)) all 
divide (deg D)/2, for ‘$ a prime of F(G), since the index of 
00 F(n) is the least common multiple of its local indices [ 14, 
Theorems 32.17 and 32.191. Now, if p is a prime of F such that - 1 E F,” 2, 
there are two primes Cp, Q of F(G) above p and 
ind,(D@ F(n)) = ind,(D@ F(n)) = ind,(D) 
(see [3, p. 1871); therefore, ind,(D) divides (deg D)/2 for such primes p. 
Conversely, if this condition holds, then all the local indices 
ind8(D@F(fl)) divide (deg D)/2, hence the index of DBF(J-1) 
divides (deg D)/2, and it follows that D contains a square root of - 1, 
hence s(D) = 1. i 
1.6. PROPOSITION. Assume F is a globalfield; then z(D) = 1 if and only if 
deg D is even and (at least) one of the following conditions holds: 
(a) deg D is divisible by 4, 
(b) D splits at every infinite prime, 
(c) s(D) = 1. 
Proof If J(D) = 1, then s,(D) = 1 hence deg D is even by 
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Proposition 1.1. Suppose deg D is not divisible by 4 and let x, >J E D be such 
that 
x2+ y2=o. (1) 
If x and y commute, then (x~-l)~ = - 1, hence s(D) = 1. If x and y do not 
commute, then F(x) # F(x’) since (1) implies that x2 commutes with ~9. 
Similarly, F(y) # I;( y’), hence denoting 
K= F(x2) = F(y2), 
we have 
[F(x) : K] = [F(y) : K] = 2, 
and 
NF(.r,,&) = -x2; NF,,,,,dY) = - Y2. 
Let m = (deg D)/2[K : F]. Note that [K : F] and m are odd, since deg D is 
not divisible by 4. From the formula 
[S, Sect. 22, Corollary 43, it then follows that 
Nrd(x) = NKIF( -x2)“’ = -N,,,( - y’)” = -Nrd( y), 
hence Nrd(xy-‘) = - 1. Therefore, - 1 E Nrd(D @ F,) for every p of F, and 
this relation shows that D @ F, is split for every real infinite prime p. 
For the converse, assume first that deg D is divisible by 4 and let A4 be a 
maximal subfield of D cyclic over F. Let Kc A4 be the (unique) subfield of 
codimension 4 in M/F and let L be the intermediate subfield between K 
and M. Since the extension L/K can be embedded in a cyclic extension of 
rank 4 (namely M/K), it follows that 
- 1 = N,,,(x) 
for some x E L (see, for instance, [ 1, Theorem 9.10, p. 2061). Let u E D x be 
such that conjugation by u induces the non-trivial automorphism of L/K, 
then 
(xu)’ = N,,,(x)u2 = - u2, 
so 
u2 + (xu)Z = 0, 
proving s(D) = 1. 
60 LEEP, TIGNOL, AND VAST 
Now, we assume deg D = 2q for some odd q; then D decomposes as 
for some a, b E F x and some F-division algebra E of degree q. Since its 
degree is odd, E splits at every infinite prime. Therefore, if condition (b) 
holds, then (a, b)F also splits at every inlinite prime, hence the quadratic 
form 
(a, 6, -ab, a, 6, -ab) 
is totally indefinite. The Hasse-Minkowski theorem then shows that this 
form is isotropic, so 0 is the sum of two squares of pure quaternions in 
(a, b)F. Therefore _s((a, b)F) = 1, hence J(D) = 1. 
Finally, if s(D) = 1, then it readily follows from the obvious inequality 
s(D)>s(D) that s(D)= 1. 1 
1.7. Remarks. (a) The argument used above to show that s(D) = 1 if D 
is a cyclic algebra of degree divisible by 4 is borrowed from a paper by 
Leep, Shapiro, and Wadsworth [9, Lemma 3.21. 
(b) If D is a finite-dimensional division algebra over an arbitrary 
field F (in which - 1 is not a square), then slight variations on the 
preceding arguments yield the following results: 
(I) Assume deg D is not divisible by 4; then s(D) = 1 if and only ij 
deg D is even and either s(D) = 1 or - 1 E Nrd(D). 
(II) Assume D is cyclic; then z(D) = 1 if and only if deg D is even 
and either deg D is divisible by 4 or s(D) = 1 or - 1 E Nrd(D). 
In this latter result, the hypothesis that D is cyclic cannot be removed, 
since Leep, Shapiro, and Wadsworth have constructed examples of division 
algebras D of degree 4 for which _s(D) = cc [9, Example 2.51. 
2. ALGEBRASOF ODD DEGREE 
In order to obtain an upper bound for the level and the sublevel of cyclic 
division algebras of odd degree, we introduce the following definition: 
2.1. DEFINITION. For an arbitrary cyclic field extension K/F of odd 
degree, let t(K/F) denote the least integer t for which there exist 
a,, . . . . a, E K such that ArKIF = 1 for i = 1, . . . . t and 
a,$+ ‘.. +a,xf= -1 
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for some x, , . . . . x,-g K. In other words, this last condition says that - 1 is 
represented by the quadratic form (a,, . . . . a,): 
Equivalent definitions of [(K/F) can be derived from the following result, 
which was communicated to us by Denert and Van Gee1 [4] (and 
attributed by them to M. Rost): 
2.2. LEMMA. Let KJF be a cyclic field extension of odd degree n and let o 
be a generator in Gal(K/F). The following conditions on an element k E K X 
are equivulen t : 
(i) N,,(k)EFx2, 
(ii) k = ha(b) for some b E K x, 
(iii) k = (a(c)c-‘)x2 for some c, XE K X, 
(iv) k=ux’for some a, XE K x such that N,,,(u)= 1. 
Proof (i)*(ii): Suppose ka(k)...o”-‘(k)=,f2 for some f E F”; then 
k = ha(b) for b = f. (niodd a’(k))-’ 
(ii) * (iii): ho(b) = (o(b)b-‘)b’; (iii) =S (iv) follows by letting a = 
fJ(c)C’ and (iv) =S (i) follows from the multiplicativity of the norm. 1 
2.3. COROLLARY. Let K/F be a cyclic field extension of odd degree and 
let o be a generator in Gal(K/F). The invariant t(K/F) is the least integer t 
for which any of the following equivalent conditions holds: 
(i) -1 =k, + ... +k, with N,,,(ki)EFXZ for i= 1, . . . . t 
(ii) - 1 = b,a(b,) + ... + b,a(b,) for some b,, . . . . b, E K x 
(iii) - 1 ED~((o(c~)c;‘, . . . . o(c,)c;~‘)) for some c,, . . . . c, E Kx 
(iv) -l~D,((u ,,..., a,)) for some a ,,..., u,EK~ Mith N,,,(u,)= I 
for i = 1, . . . . t. 
Let us still record some easy observations on t(K/F): 
2.4. PROPOSITION. Let K/F be a cyclic extension of rank n (odd): 
(a) t(K/F) <s(K), 
(b) t(K/F)<n- 1 ifn> 1, 
(c) t(F/F) =s(F). 
Proof (a) and (c) are obvious. To prove (b), take any non-zero u E K 
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such that TrKIF(U) = 0. Denoting by c a generator of Gal(K/F), one then 
has 
24+0(u)+ ... +d-‘(u)=O. 
Dividing both sides by U, we get 
a(u)u-’ + . . . +a”-‘(u)u-‘= -1; 
and since NKIF(oi(~)~-‘)= 1 f or all i, the preceding equation shows that 
t(K/F)<n- 1. 1 
The relevance of the invariant t(K/F) to the level and sublevel of division 
algebras stems from the following result, which was pointed out to us by 
Denert and Van Gee1 [4]: 
2.5. PROPOSITION. Let D be a cyclic division algebra of odd degree over 
its center F. If K is a maximal subfield of D cyclic over F, then 
J(D) 6 Wf’) and s(D) < t(K/F) + 1. 
Proof Let 0 be a generator in Gal(K/F) and let z E D x be such that 
conjugation by z induces (T on K. If b,, . . . . b, E K x are such that 
bla(b,)+ ... +b,a(b,)= -1, 
then a straightforward verification yields 
;(z-z-~)~+ i [bi(z+zp1)/2]*= -1 
i= 1 
and 
i$l (bi,4*+z*=O. I 
In order to determine the level and the sublevel of division algebras over 
local and global fields, we shall also need the following lower bounds, 
which were obtained by Denert and Van Gee1 [4]: 
2.6. PROPOSITION. Zf D is a division algebra of odd degree, then 
z(D) 9 2 and s(D) 2 min(3, s(F)). 
The idea of the proof is to show that if x2 + y* = c ( = 0 or - l), then x 
and y commute, hence s(F) = 1 if c = 0 and s(F) = 2 if c = - 1. Details will 
appear elsewhere. 
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The results above are valid over an arbitrary base field F (of charac- 
teristic not 2, not containing a square root of - I). For the rest of this sec- 
tion, we return to the case where F is a local or global field of characteristic 
not 2 in which - 1 is not a square. 
In order to complete the proofs of Theorems A and B, it now suffices to 
show: 
2.7. PROPOSITION. If K/F is a cyclic extension of odd degree of local or 
global fields, K # F, then t(K/F) d 2. 
Indeed, if D is a division algebra of odd degree over a local or global 
field F, then D is cyclic and from Propositions 2.5 and 2.7 it follows that 
s(D) d 2 and s(D) < 3. 
Since obviously s(D) < s(F), Proposition 2.6 then shows 
s(D) = 2 and s(D) = min(3, s(F)). 
Moreover, Proposition 1.1 yields s,(D) > 2, and from the obvious 
inequality s(D)>s,(D) it then follows by the preceding results that 
s,(D) = 2. The proofs of Theorems A and B will thus be complete. 
The condition t(K/F) 6 2 can be restated in terms of quaternion 
algebras: 
2.8. LEMMA. Let K/F be a cyclic field extension of odd degree; then 
t(K/F)<2 if and only tf there exist x,, x2 E K” such that N,,r(x,)= 
N,,,(x,) = 1 and the quaternion algebra (-x1, -.Y?)~ is split. 
Proof: The lemma readily follows from the fact that ( -x, , - x~)~ splits 
if and only if the quadratic form (x, , .x2) represents - 1 [8, Theorem 2.7, 
P. 581. I 
We begin our proof of Proposition 2.7 with the case of dyadic local 
fields: 
2.9. PROPOSITION. Let F be a fnite extension of the field Q, of 2-adic 
numbers and let K be a cyclic extension of F of odd degree, K # F; then there 
exist x,, x2 E K x such that N,,(x,) = N,,(x,) = 1 and (-x,, -xJK = 1. 
Proof Let [F: Q,] =m and [K: F] =n (odd). If n = 3, the 
proposition readily follows from Proposition 2.4 and Lemma 2.8, so we can 
assume n > 5. We can also assume ( - 1, - l)K # 1, otherwise the equations 
above have the obvious solution x1 = x2 = 1. Consider the map induced by 
the norm on the groups of square classes: 
N: Kx/KX2+P”/FX2. 
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This map is surjective since for any f E F x, 
N&f) = f(f’“- l)‘2)2 c f mod F”*. 
Considering K x/K x * and F x /F x * as vector spaces over the field IF, with 
two elements, we have 
dim K”/K”*=mn+2 and dim FX/FX2=m+2 
(see [ 8, Corollary 2.23, p. 162]), hence dim Ker N = m(n - 1). Denoting by 
(Ker N)’ the orthogonal complement of Ker N with respect to the Hilbert 
symbol pairing, it then follows that 
dim(Ker N)’ = m + 2. 
These dimension counts show that the inclusion Ker Nc (Ker N)’ is 
impossible, since m(n - 1) >m + 2 for n > 5. Therefore, one can find 
Y$“*, Y,K”’ E Ker N such that (yl, y,), = - 1. 
By Lemma 2.2, there are x 1, x2 E K x such that N&xi) = 1 and xi - yi 
modKx2 for i = 1, 2, hence 
(XI 2 X2)K = (Y, > Y2)K = - 1. 
Since it was assumed that (- 1, - l)K = - 1, it then follows that 
hence by the bilinearity of Hilbert’s symbol 
t-x,, -x*)if = t - 1, X,X2)K. 
Now, the corestriction map Cor: Br(K) + Br(F) is injective for local fields 
[17, p. 1753, and Cor( - 1, x~x*)~ = (- 1, N,&x~x~))~ = 1; therefore, the 
preceding relation yields 
t-x,, -X2)K = 1. 
The elements xi, x2 thus satisfy the required conditions. 1 
Proof of Proposition 2.7 for local fields. Lemma 2.8 and Proposition 2.9 
prove Proposition 2.7 for dyadic local fields. The case F= R does not arise 
since R has no non-trivial extension of odd degree; in all the other cases 
s(F) < 2 [8, p. 3041, hence Proposition 2.7 readily follows from 
Proposition 2.4(a). 1 
In order to prove Proposition 2.7 for global fields, we shall need a result 
which is slightly stronger than Proposition 2.9: 
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2.10. LEMMA. Hypotheses and notations being as in Proposition 2.9, let o 
be a generator of Gal(K/F); then there exist a, b E K x such that 
(-a(a)/a, b)K = (-a(a)/a, -o(b))K = (a, - l)K = 1. 
ProoJ If -1EFx2, then we can choose a = b = 1. For the rest of the 
proof, we assume - 14 F x 2. Let then xi, x2 be as in Proposition 2.9. By 
Hilbert’s Theorem 90, one can find a,, b, E K x such that x1 = a(ao)/a,, and 
x2 = a(bO)/bO. I 
Since - 1 is not a square in F, it follows from the non-degeneracy of 
Hilbert’s symbol that there is an element f E F x such that (f, - l)F # 1, 
hence also (f, - l)K # 1, since [K: F] is odd. If (a,, - l)K # 1, set a = fa,; 
otherwise set a = a,. In both cases, we have (a, - l)K = 1 and x, = o(a)/a. 
From (-x1, -x~)~ = 1, it follows that ’ 
(-da)la, UK = (-4a)la, -4bO))K. 
If (-a(a)/a, - l)K = 1 (resp. (-a(a)/a, b,), = l), then b = 1 (resp. b = b,) 
satisfies the conditions. We can thus assume that ( - a(a)/a, - 1 )K # 1 and 
( -a(a)/a, b,), # 1; then 
( - daYa, UK = ( - daYa, - 1 lK, 
hence b = - 6, is a solution. [ 
We shall also use in the proof the following easy consequence of the 
generalized Dirichlet theorem on primes in arithmetic progression: 
2.11. LEMMA. Let K be an alge.braic number field and let S be a finite set 
of primes of K, including all the infinite primes, and let x E K X. Then, 
denoting by i, : K + K, the inclusion of K in its completion K, at a prime ‘p 
and by vV the (normalized) valuation at ‘p, there is an element x, E K X such 
that 
iV(x,)=ig(x) mod K;; 2 for all P E S 
and 
v~(x,)=O forall(P$S except exactly one, where v(x, ) = 1. 
Proof: For each finite prime ‘$3 E S, let n(v) be an integer large enough 
so that the l-units UE K, with v,(l -u) 2 n(‘$) are in KG’. Let also 
n(q) = 1 if $4 is a real infinite prime and n(‘$) = 0 if ‘$3 is a complex infinite 
prime. Consider then the modulus m = nV Es (p”(‘@) and the ray modulo m: 
K ,,,={k~K”~k~lmodm} [7, p. 1081. 
Let also I”’ be the free abelian group generated by the primes outside S. 
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There is a canonical homomorphism p: K,, 1 -+ I”’ which maps k E K,, 1 to 
n, + s (pug(“). According to the generalized Dirichlet theorem [7, p. 1821, 
the coset of nV g s (p”‘J(“) modulo p(K,,,) in I” contains a prime $1. This 
means that there exists y E K,,,, such that 
Thus, uV(xy)=O for ‘$J$ S, 5J.I # Q, and uo(xy) = 1. The element 
x, = xy E K x then satisfies the required conditions. 1 
We now prove the most significant case of Proposition 2.7 for global 
fields: 
2.12. PROPOSITION. Let K be a cyclic extension of odd rank n # 1 of a 
number field F and let o be a generator of Gal(K/F). There exist a, b E K X 
such that 
(-daYa, blv = (-daYa, -db))q 
= 1 for all primes ‘$3 of K. 
Proof: We first set up some notations: for each prime p of F, let g(p) be 
the number of primes of K lying above p. Note g(p) is odd since it divides 
n. Let S1 be the set of dyadic primes p of F for which g(p) = 1 and let S2 be 
the union of the set of dyadic primes p of F for which g(p) # 1 and the set 
of infinite primes of F. The set S, u S2 is thus the set of all infinite and 
dyadic primes of F. Observe’that since K/F is cyclic of odd degree, g(p) = n 
for each infinite prime of F. 
For each p E Sz, pick a prime VI of K above p, and number the other 
primes of K above p by ‘!$I,+, = a’(‘$,) for i= 1, . . . . g(p)- 1. 
Step 1. For each prime ‘$3 of K lying above a prime p E S1, choose 
a,, b, E K;I such that ( -a(ap) b,), = (-a(a%)/a,, -o(b,)), = 
(av, - 1 )V = 1. This can be done, by Lemma 2.10. 
Step 2. Using the (weak) approximation theorem [7, p. 1093, choose 
a,EK” such that 
(i) for each prime !JJ of K lying above a prime p E S,, 
i,(ad E a&$*, 
(ii) for each prime p = ‘$3;(p) . . . ‘!J.J;jpp\ E S,, 
iqj(aO) E (- l)‘g’p)+1’2K$,2 for j = 2, 4, . . . . g(p) - 1 
iv,(ao)E (- l)(g(p)-1’2K~, for j= 1, 3, . . . . g(p). 
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These conditions ensure that iq,( -o(q,)/a,) E KG,” forj= 2, 3, . . . . g(p) and 
i,(\,( -a(ao)/a,) E (- l)K$:. Moreover, the number of ‘pls for which 
i%,(a,) E (- 1 )K,$,z (resp. K,;;,2) is even (resp. odd). In particular, 
Step 3. Choose a, E K x which satisfies the same conditions as ug 
above (at dyadic and infinite primes) and which is a unit at every finite 
non-dyadic prime except exactly one, which we denote by ‘@‘, where 
tlB(a,) = 1. Such an element exists, by Lemma 2.11. 
For $3 a finite non-dyadic prime, Fp # ‘$‘, 
(a,, -1)q = 1 
since vo(al) = 0. On the other hand, since a, satisfies the same conditions 
as a, at infinite and dyadic primes, 
n (a,, -l)* = 1. 
‘$3 I p E s, ” s, 
Therefore, by Hilbert reciprocity, (a 1 , - 1 )rp, = 1. Since u, is a uniformizer 
at s$Y, it follows that - 1 E KG?, hence also - 1 E K,;;’ for each ‘$ conjugate 
to ‘p’. 
Step 4. Using the (weak) approximation theorem again, choose 
h, E K x such that 
(i) for each prime ‘$3 of K lying above a prime p E S, , 
iq(b,)~b,K,;;‘, 
(ii) for each prime p = $J;(P) . . ‘$$pPj E S,, 
i,,(b,) E K.;;f and i o,,,,(b,) E ( - 1 Ws$$,,, 
(iii) for each prime ‘$3 conjugate to ‘Q’, 
i,(b,) E K,;‘. 
Note that condition (ii) implies that i*,( -a(b,)) E K,I;f. 
Step 5. Choose b, E K x which satisfies the same conditions as b, 
above (at dyadic and infinite primes and at the primes conjugates to ‘p’), 
and which is a unit at every other prime except exactly one, which we 
denote by ‘$I”, where ug0,(6, ) = 1. This can be done, by Lemma 2. f 1. 
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We claim that a,, b, satisfy the required conditions. In order to verify 
this, we have to prove 
(-~uI)/Q,, bl)g =(-4a,)h, -4b,)h 
= 1 for each prime V of K. 
If ‘p lies above a prime p E S,, these relations follow from the choice of a,, 
b, in Step 1. If ‘$3 lies above a prime p = ‘@T(P) . . . (p;i;\ E &, these relations 
hold because 
and 
~~,(-~(me~,;;,* for i= 2, . . . . g(p). 
If ‘p is conjugate to ‘p’, then 
i,(b,) E K;;* and ivP(-4b,)k(--1)K$*, 
but since we observed that - 1 E KG’, it follows that iV( -a(bl)) is also a 
square in K,, hence 
(-4a,)/a,, b,)cp = (-~(~~)l~,, -O,)), =I. 
For every other prime ‘$3 except ‘p” (resp. except o((p”)), 
~~(-~(~lh)=o and Qb,)=O (resp.u,(-o(b,))=O), 
hence 
(-4a,h, hJp = 1 (rev. (-4~lY~l, -4b,))v = 1). 
Therefore, we have proved that this relation holds for each prime of K 
except possibly ‘@” (resp. a(‘$“)). By Hilbert reciprocity, the relation holds 
also at the exceptional prime, and the proof is complete. 1 
Remark. In Step 1, the sole purpose of the extra condition 
(%39 - 1)c4 = 1 on a? is to ensure that the exceptional prime ‘$3’ found in 
Step 3 is such that - 1 E KG?. Colliot-Thtlbne pointed out to us that a 
more elaborate use of the generalized Dirichlet theorem yields the same 
restriction on ‘$3’ without the extra condition on ucp. 
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Proof of Proposition 2.7 for global fields. If char F # 0, then the 
proposition readily follows from Proposition 2.4(a), since s(F) < 2 [ 8, 
p. 3041. If char F= 0, Proposition 2.12 yields elements a, b E K ’ such that 
(-4a)/a, b), = (-@ah -db)), 
= 1 for all primes $3 of K. 
From these relations, it follows that 
( -o(a)/a, -g(b)/b),* = 1 for all primes Cp of K, 
hence 
(-a(a)/a, -a(b)/b), = 1. 
Since N,,,(a(a)/a) = N,,,(a(b)/b) = 1, Lemma 2.8 then implies that 
t(KIFJ62. I 
APPENDIX: FINITE-DIMENSIONAL DIVISION ALGEBRAS OF HIGHER LEVEL 
In this appendix, we show how the Scharlau-Tschimmel examples [ 151 
can be used to yield finite-dimensional division algebras D with s(D) = 
J(D) = s,(D) = 4. 
We first recall the construction in [ 151: let F be an arbitrary field of 
characteristic not 2 and let u E F x. We denote by D(F, U) the division ring 
of iterated Laurent series over F in, two indeterminates X, Y subject to the 
commutation relation YX= uXY. In other words D(F, U) is the iterated 
twisted Laurent series ring 
D(F, u) = F((J’))(( Y; 7)). 
where the automorphism T of F( (X)) is defined by r(X) = UX and t(a) = a 
for a E F (see, for instance, [ 13, Sect. 19.71). 
It is easily verified that D(F, U) is finite-dimensional over its center if and 
only if u is a root of unity in F, and that deg D(F, U) = n if u is a primitive 
nth root of unity (see, for instance, [ 13, Sect. 19.7, Corollary]). 
On the other hand, the arguments in [lS] prove the following result, 
where we denote by /( -u) the least integer / such that -U is a sum of P 
squares in F (and set /(-U) = a3 if --u is not a sum of squares): 
PROPOSITION. s(D(F, u)) = s(D(F, u)) = s(F) and s,(D(F, u)) = 
min(s(F), /( -u)). 
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COROLLARY. Let F= Q(t) where [ is a primitive pth root of unity for 
some prime p = 7 (mod 8); then deg D(F, 5) = p and 
O(F, 5))=s(D(E t))=MW’, 5))=4. 
Proof By [8, p. 3081, s(F) = 4. Moreover, every root of unity of odd 
exponent is a square, hence k’( - 5) = e( - 1) = s(F). The corollary then 
readily follows from the results above. 1 
Note that if the field F and the element u are chosen in such a way that 
deg D(F, u) is finite and at least 3, then the obvious inequality s(F) 2 
s(D(F, u)) yields s(D(F, u)) d 4 (and therefore _s(D(F, u)) Q 4 and 
s,(D(F, u)) < 4), because if F contains a root of unity of exponent at 
least 3, then s(F) < 4. Moreover if deg D(F, U) = 2, then u = - 1 and the 
proposition above yields s(D(F, 1.4)) =_s(D(F, u)) = s(F); s,(D(F, u)) = 1. 
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